We show that in slab waveguides made from the cubic crystals with Kerr nonlinearity, it is possible to observe mixed-mode stationary solitons above certain power levels. It is also shown that, in general, two types of mixed-mode soliton are possible. A bifurcation diagram for these solitons is constructed, and a classification of particular cases is given. The polarization evolution of the solitonlike beams is considered by means of the Poincaré sphere formalism.
INTRODUCTION
The first observation of one-component (scalar) spatial solitons in AlGaAs waveguides was reported by Aitchison et al. 1 This observation was possible owing to the large nonlinearity in the spectral region at approximately half the band gap of the semiconductor. 2 The slab waveguides in bulk Al 1Ϫx Ga x As support two orthogonally polarized modes, TE and TM, with different propagation constants. The linear birefringence between the two polarization components is defined by the difference between the propagation constants of the TE and TM modes. 3 It is known that in birefringent media the nonlinearity can cause polarization instabilities in solitons 4 and, more generally, plane waves. 5, 6 This soliton instability has been found numerically both in fibers 7 and planar waveguides. 8 In isotropic media such as fused silica the reason for the instability of spatial and temporal solitons is the appearance of a branch of solitons with the two components locked in phase 9 above a certain power level. In principle, this type of soliton must exist in media with cubic symmetry. Experimental observation of mixed mode spatial solitons in the AlGaAs waveguides in the absence of the four-wave-mixing (FWM) effect (Manakov case) has been reported in Ref. 10 . In the case for which two polarization components of the beam are coherent one cannot neglect the FWM effect, and, as we have found, the phenomenon is more complicated. In the waveguide geometry the symmetry allows the existence of two branches of two-component solitons instead of a single branch as in the case of isotropic media.
In this paper we consider mixed-mode spatial solitons in slab waveguides made from a cubic material with a Kerr nonlinearity. These mixed-mode solutions have both nonzero components TE and TM with the phase difference between them 0, , or Ϯ/2. Using the methods that have been developed for the analysis of the vector solitons in isotropic materials, 9 we show theoretically and numerically that the waveguides in which we are interested can support two new families of mixed-mode solitons. These solitons propagate without change in the state of polarization, thus preserving the orientation of the polarization ellipse or the plane of polarization. The existence of mixed-mode solitons essentially depends on the initial beam power. To demonstrate the thresholdlike behavior of mixed-mode solitons, we constructed the bifurcation diagrams in the form of Hamiltonian, H, versus energy, Q, plots. For the value of the cross-phase modulation coefficient A ϭ 1 (which is close to the experimentally obtained A ϭ 0.95 3 ), the TE and TM modes become unstable above a certain point of bifurcation. Mixed-mode solitons become stable instead. One of the new branches of linearly polarized mixed-modes is absolutely stable in the whole region of parameters in which the solution exists. This means that a solitonlike beam with an arbitrary state of polarization will converge to this mixed-mode state during propagation.
Mixed-mode solitons influence the whole dynamics of solitonlike beams with an arbitrary state of initial polarization. We have considered the evolution of the state of polarization of solitonlike beams using the Poincaré sphere formalism. 11 To study the dynamics, we use the approximation of average profile and neglect the radiation effects. This approximation is valid 9 for relatively short propagation distances. We estimate the soliton power at the point of bifurcation, which can be useful for experimental observations of mixed-mode soliton states in the semiconductor Al 1Ϫx Ga x As waveguides or other materials with similar symmetry.
STATEMENT OF THE PROBLEM
We describe the propagation of a two-component selffocused beam in a slab waveguide, using the vector-wave equation. We ignore the longitudinal components of the field, which we assume are small for the weakly guiding structures considered here. The evolution equations can be derived from the wave equation in the slowly varying envelope approximation
We consider the TM mode (V component) as having a larger propagation constant than the TE mode (U component) does. This corresponds to the experimental condition in which stress between the different AlGaAs layers has been shown to induce an additional contribution to the birefringence. In this instance ␤ is positive. Other cases are also possible. 
where Q is an invariant of Eqs. (4):
The second invariant of Eqs. (4) is the Hamiltonian
For stationary solutions of Eqs. (4), the Hamiltonian H versus energy Q dependence defines their stability.
BIFURCATION DIAGRAM
We are searching for soliton solutions of Eqs. (4) in a separable form:
where the stationary profiles, u 0 and v 0 , are real functions. The parameter of the solution q is the intensitydependent shift of the wave number, which is common for the two components. The phase difference ⌬ ϭ 1 Ϫ 2 between the two components of the solution can take the values ⌬ equal to 0, , or Ϯ/2. The shapes of the solitary waves u 0 and v 0 can be found from the set of two second-order ordinary differential equations,
with the boundary conditions, u 0 ,v 0 → 0 and u 0 , v 0 → 0, when → Ϯϱ. In these equations the plus sign is for ⌬ ϭ 0 or ⌬ ϭ , and minus is for ⌬ ϭ Ϯ/2.
Equations (10) have simple exact solutions in the form of TE and TM bright solitons:
respectively. As we can see from Eqs. (11) and (12), the width of the beam is determined by birefringency parameter ␤.
The stationary soliton solutions are one-parameter families, and they can be represented as curves in the space of variables ͕q, Q, H͖. The curves corresponding to the linearly polarized solutions are shown on the energy-dispersion (͕Q, q͖) and Hamiltonian energy (͕H, Q͖) diagrams (Fig. 1 ). They are given by
Stationary solutions with any other states of polarization (light-gray curves in Fig. 1 ) can be found numerically from Eqs. (10) by means of a standard shooting or relaxation technique. These mixed-mode solutions appear as a result of a bifurcation from the TE and TM modes in the space of variables ͕q, Q, H͖. If the phase shift between the two components of the soliton is ⌬ ϭ 0 or ⌬ ϭ , then the new solution is linearly polarized. In the other case, ⌬ ϭ Ϯ/2, the new solutions are elliptically polarized. Examples of the transverse profiles of new mixedmode solitons are given in Fig. 2 . The points of bifurcation can be found explicitly in terms of the values ͕q, Q, H͖. The location of these points on the bifurcation diagrams is determined by the value of the parameter A. They are both located on the TE mode if 0 Ͻ A Ͻ 2/3. They are located on different modes when 2/3 Ͻ A Ͻ 2. In addition, they are both located on the TM mode if A Ͼ 2. Energy Q(q) and Hamiltonian H[Q(q)] at these points can be found explicitly with Eqs. (13) and (14). 
POLARIZATION DYNAMICS
which vary with and and satisfy the condition
This allows us to represent the state of polarization of the soliton solution of Eqs. (4) as a point on the Poincaré sphere 11 in the space ͕s 1 , s 2 , s 3 ͖. All trajectories representing the evolution are located on the sphere with fixed radius, s 0 . Conservation of the value of s 0 means that the beam exactly preserves its energy with propagation. Using Eqs. (4) for the complex amplitudes U and V and multiplying each of them by U* (or V*), we obtain four equations with all possible bilinear combinations of U and V. Subtracting the complex conjugate of these equations and adding or subtracting pair combinations of the resulting equations, after integration, we obtain the system describing an evolution of the integrated Stokes vector s 0 ϭ ͕s 1 , s 2 , s 3 ͖:
In deriving Eqs. (17) we also took into account that all the fields decay to zero at infinity.
A certain state of polarization at a given point on the profile can be applied approximately to the soliton as a whole. 20 Although in reality the state of polarization changes across the beam, these changes are small at the central part of the beam, and we can consider the evolution of the state of polarization of the beam as that at a certain point of the beam profile. For the sake of simplicity we choose this point to be the center of the beam. The state of polarization at the tails of the beam can be different, however, this fact does not significantly influence the dynamics of the beam itself. This approximation has proved to be accurate in numerical simulations. 20, 21 Radiation effects from the tails of the beam that are not taken into account by this approximation are usually small. 21 This fact allows us to use the approximation of averaged profile 21 in the present work. Hence we assume the -dependent profile of both components to be equal and then follow the evolution of the amplitudes depending on the longitudinal coordinate only:
where the functions x() and y() are real. Substituting Eqs. (18) into Eqs. (15) and Eqs. (15) into Eqs. (17), we obtain the dynamical system for the evolution of the integrated Stokes parameters:
This evolution is governed by the following set of the firstorder differential equations:
where we introduce the parameter g ϭ The transformation of the evolution Eqs. (4) into Eqs. (20) is nothing but the reduction of the infinitedimensional dynamical system to the finite-dimensional one. The validity of this reduction has been numerically checked in Ref. 21 for an isotropic medium, and our preliminary numerical simulations show that it works well for cubic media. Transformation of this type makes the problem of one-soliton propagation equivalent to the problem of plane-wave propagation in birefringent media. The latter has been studied in detail in Refs. 6, 22, and 23. Hence, in analyzing system (20) , we can use the results of these works. If the beam exactly conserves its profile f () in propagation, then the value of s 0 is identical to the value f 2 (), and therefore S 0 ϭ 1. If this is the case, the only parameter describing the family of trajectories on the Poincaré sphere is the parameter g, implicitly depending on beam energy Q. The approximation of the averaged profile permits us to find a qualitative relation between the parameters g and q. Taking the profile in the form f() ϭ ͱ2q/sech(ͱ2q), which corresponds to exact linearly polarized solutions (11) at ␤ ϭ 0, we obtain g ϭ 4q/3. This gives us the correspondence between the bifurcation pattern in terms of ͕H, Q͖ diagrams and trajectories on the Poincaré sphere.
To analyze the trajectories of the Stokes vector on the Poincaré sphere, we start from classification of the fixed points (dS i /d ϭ 0 for i ϭ 1, 2, 3) of system (20) . These points correspond to the stationary soliton solutions of Eqs. (4), and since the system is Hamiltonian, they can only be elliptic-or saddle-type points, which corresponds to the stable or unstable behavior of stationary solutions. The main feature of these solutions is that the axes of the polarization ellipse do not change their length and orientation with propagation.
The stationary points on the sphere ͕ϪS 0 , 0, 0͖ and ͕S 0 , 0, 0͖ correspond to the stationary solutions of Eqs. (4) with TM and TE modes (͕v 0, u ϭ 0͖ and ͕u 0, v ϭ 0͖), which exist at any value of power. In addition, at high powers there can exist four stationary solutions with elliptical or linear polarizations. The conditions for their existence are defined by the parameter g, which has two critical values (for S 0 ϭ 1):
The corresponding critical parameters q lin and q ellip (bifurcation points) can be found from Eqs. (10) . The linearly or elliptically polarized modes split off from the TE or TM modes at the points
where
for elliptically polarized solitons and
for linearly polarized solitons. Bifurcation points are always located at q Ͼ ϩ␤. The values of the power and the Hamiltonian at the points of bifurcation can be found by the substitution of q lin and q ellip into expressions (13) and (14) . The full classification of the location of bifurcation points for arbitrary A is given below. Two fixed points on the Poincaré sphere corresponding to the beams with elliptical polarization appear when g у ͉g ellip ͉ (and q у q ellip ) and have the coordinates ͕S 1 ϭ g ellip /g, S 2 ϭ 0, S 3 ϭ Ϯͱ1 Ϫ (g ellip /g) 2 ͖. The point located above the equatorial line (S 3 Ͼ 0) corresponds to the right-hand and that below the equatorial line (S 3 Ͻ 0) to the left-hand elliptically polarized state. They represent mixed mode solutions with a phase shift between the components ϩ/2 and Ϫ2, respectively.
Two other fixed points representing linearly polarized solutions with ⌬ ϭ 0 or ⌬ ϭ exist when g у ͉g lin ͉ (and q у q lin ). They are located on the equatorial line ͕S 1 ϭ g lin /g, S 2 ϭ Ϯͱ1 Ϫ (g lin /g) 2 , S 3 ϭ 0͖. Two solutions that are distinguished by the value of the phase shift are the stationary solitons with different orientation of the plane of polarization.
PARTICULAR CASES
The classification of the bifurcations is defined by the value of the coefficient A (we assume this value to be positive). At any positive A there are two bifurcation points defined by Eqs. (22) . The classifications are as follows:
(a) If A Ͼ 2, then both branches of the new stationary solutions split off from the lower-branch (TM-mode) solitons [see Fig. 3(a) ]. Linearly polarized states appear at a lower value of energy Q than the elliptically polarized soliton does [ Fig. 1(c) ]. When A → ϱ, the bifurcation points move down along the branch for the TM mode, and the power needed for their excitation decreases. On the other hand, if A → 2, then the upper bifurcation point goes to infinity, and the elliptically polarized states disappear. In this particular case only one branch of the linearly polarized vector solitons exists [ Fig. 3(b) ].
(b) If A Ͻ 2/3, the pairs of the new stationary solutions branch up from the upper (TE-mode) solution [see Fig.  1(a) ]. Elliptically polarized solitons appear at lower energies Q than linearly polarized solitons. When A → 0, this bifurcation moves to the point q → ϩ␤. Hence the value of energy Q at the bifurcation points in this case always exceeds the value 4ͱ␤. The limit of A → 2/3 describes the case of an isotropic medium; here the upper bifurcation point goes to infinity, and the branch of linearly polarized solitons disappears. Only elliptically polarized solitons exist in the latter case. 24 Instability of the TE mode related to this bifurcation has been revealed numerically in Ref. 
Two mixed modes (elliptically and linearly polarized) split off from the TE and the TM modes, respectively (see Fig.  4 ). The values of Q in this case are
The value A ϭ 1 is slightly above the critical value A cr ϭ 0.9708. As a result, the linearly polarized solitons appear at an energy slightly less than the energy required for the appearance of elliptically polarized solitons. If
Summarizing this classification, we can conclude that, in general, there are two points of bifurcation, at which two pairs of solutions with linear and elliptic polarization split off from the solutions of the TE and the TM modes. These solutions exist only when beam energy Q is above a certain limit. This threshold is given by Eqs. (22) . The bifurcation diagrams, ͕Q, q͖ and ͕H, Q͖ (Fig. 1) , and the plot of the trajectories on the Poincaré sphere (Fig. 3) show that new solutions can start from the same or different branches. The existence of two nontrivial mixedmode solutions with a fixed state of polarization in these systems is possible because of the cubic anisotropy.
STABILITY OF STATIONARY STATES
It follows from the canonical form of Eqs. (4) that solutions with a minimized Hamiltonian at any fixed energy Q are stable. nisms of instability can be twofold. First, the solution is obviously unstable if the corresponding fixed point on the Poincaré sphere is a saddle type (strong instability). A second source of instability in the system is radiation from the leading beam (weak instability). The beam decreases its energy with propagation, and therefore the values of Q and H also decrease. In principle, any initial state that does not correspond to the absolute minimum of the Hamiltonian can converge to the stable state after emitting some amount of radiation. 21 The convergency of the corresponding trajectories to the fixed points on the Poincaré sphere can be investigated by the numerical solution of the original Eqs. (4).
SOLITON POWER AT THE POINT OF BIFURCATION
Let us make some simple estimations. The soliton power at the point of bifurcation is defined by Eq. (6) or
The beam width a 0 (FWHM of intensity) at the point of bifurcation explicitly depends on Q: a 0 ϭ 2.634
Assuming the values of n 2 Ϸ 1.5 ϫ 10 Ϫ13 cm 2 W Ϫ1 , d eff Ϸ 1.8 ϫ 10
Ϫ4 cm, 0 Ϸ 1.55 ϫ 10 Ϫ4 cm, 3 n ϭ 3.3, n y Ϫ n x ϭ 0.0005 (␤ ϭ 0.000075), and A ϭ 1, we get P ϳ 1300 W for the bifurcation from the TE mode, P ϳ 1225 W for the bifurcation from the TM mode.
The width of the soliton at the point of bifurcation is a 0 ϳ 8.93 m for the bifurcation from the TE mode, a 0 ϳ 9.5 m for the bifurcation from the TM mode.
Since the soliton parameter determining point of bifurcation q depends on ␤ [as follows from Eqs. (22) and (23)], we can reduce or increase power P at the bifurcation point by varying the degree of birefringency [Eq. (5)].
CONCLUSIONS
In conclusion, we have shown that in planar waveguides made from cubic crystals, it is possible to observe mixedmode solitons above a certain bifurcation point. The number of bifurcations and polarization states of these mixed-mode solitons depends on the linear birefringency in the slab waveguide as well as on the value of the coefficient of the CPM term. A bifurcation diagram for these new solitons is constructed. Classification of all possible cases is done. Polarization evolution of solitonlike beams is considered by use of the Poincaré sphere formalism.
